We study the consequences of unbroken rigid supersymmetry of four-dimensional field theories placed on curved manifolds. We show that in Lorentzian signature the background vector field coupling to the R-current is determined by the Weyl tensor of the background metric. In Euclidean signature, the same holds if two supercharges of opposite R-charge are preserved, otherwise the (anti-)self-dual part of the vector field-strength is fixed by the Weyl tensor. As a result of this relation, the trace and R-current anomalies of superconformal field theories simplify, with the trace anomaly becoming purely topological. In particular, in Lorentzian signature, or in the presence of two Euclidean supercharges of opposite R-charge, supersymmetry of the background implies that the term proportional to the central charge c vanishes, both in the trace and R-current anomalies. This is equivalent to the vanishing of a superspace Weyl invariant. We comment on the implications of our results for holography.
Introduction
The Weyl anomaly has a very rich history [1, 2] and many different applications. This arises when a conformal field theory is placed on a curved space, and is measured by certain curvature invariants contributing to the trace of the energy-momentum tensor. Four-dimensional superconformal field theories possess an R-symmetry, which also becomes anomalous on generic curved backgrounds. The underlying supersymmetry of the theory relates the terms appearing in the trace and R-symmetry anomalies, which in fact belong to the same supermultiplet. For an N = 1 superconformal theory coupled to an arbitrary background metric g mn and gauge field A m (sourcing the R-symmetry current), the anomalies read [3] 1 (see also [4] ) 
where c and a are the central charges of the theory, C 2 , E and P denote the Weyl, Euler and Pontryagin invariants respectively (whose precise definition will be given later), while F = dA and F is its Hodge dual. In the present paper, we will show that these anomaly formulae simplify when the background preserves some supersymmetry. In a priori unrelated recent developments, there has been interest in coupling supersymmetric field theories to a curved metric and other background fields, in such a way that some suitably defined rigid supersymmetry is preserved. The main motivation for considering these deformations is that supersymmetric field theories on compact manifolds are often amenable to localization techniques, which may be used to compute exactly various observables, at any value of the couplings [5] . Starting with [6] , this led to systematic studies of the conditions for a background to support rigid supersymmetry in different models and dimensions, both in Euclidean [7, 8, 9, 10, 11, 12, 13, 14] and in Lorentzian [15, 10, 16, 17] signature (see also [18] for some earlier work, and [19] for a superspace perspective). In this paper we will focus on four-dimensional spaces, either Lorentzian or Riemannian.
Three approaches to rigid supersymmetry in four dimensions have been discussed so far in the literature, based on old minimal [6, 7, 10, 11] , new minimal [8, 9, 15] and conformal [8, 15] supergravity. Although these encode slightly different notions of supersymmetry, it turns out that in all cases, and both in Euclidean [8] and Lorentzian [15] signature, unbroken supersymmetry implies the existence of a solution ζ + to the charged conformal Killing spinor Here ζ + is a chiral spinor charged under the background gauge field A m coupling to the field theory R-current, with ∇ A m ζ + ≡ ∇ m − iA m ζ + . The term ∇ A · ζ + ≡ γ n ∇ A n ζ + makes the equation traceless and conformal invariant. This is also known as the (charged) twistor spinor equation [20] . In references [8, 9] it was shown that in Euclidean signature a nowhere vanishing solution to (1.3) exists if and only if there exists a Hermitian metric, while in reference [15] it was found that in Lorentzian signature a solution is equivalent to the existence of a null conformal Killing vector. In both cases, the gauge field A can be determined explicitly from the metric data, although in a rather intricate way.
In this paper, we will revisit the analysis of the CKS equation by studying its integrability condition. Combining the technique of G-structures with the Newman-Penrose formalism, we will demonstrate that in Lorentzian signature the gauge curvature can be extracted completely from the conformally invariant part of the spacetime curvature, namely from the Weyl tensor of the metric. This also holds in Euclidean signature when two supercharges of opposite R-charge are preserved.
Our characterization leads to precise relations among the curvature invariants which appear in the superconformal anomalies, implying that the latter simplify on supersymmetric backgrounds, with (1.1) becoming purely topological, as is (1.2). In particular, in Lorentzian signature, or in Euclidean backgrounds possessing two conformal Killing spinors with opposite R-charge, we obtain 4) so the contributions proportional to the central charge c cancel out both in (1.1) and (1.2). These relations are equivalent to the vanishing of the bosonic part of a super-Weyl invariant, whose real part is also the Lagrangian of conformal supergravity [21] . The paper is organised as follows. In section 2 we discuss the integrability condition of the CKS equation (1.3) , yielding the relation between the Maxwell and Weyl background tensors. In section 3 we discuss the implications on the superconformal anomalies. In section 4 we illustrate the results by presenting backgrounds with SU (2) × U (1) 2 symmetry that are free of anomalies. In section 5 we review the holographic realisation of the superconformal anomalies. Section 6 concludes. Appendix A gives our conventions, Appendix B derives the integrability condition, while in Appendix C we comment on the anomaly formulae (1.1) and (1.2).
Integrability of the CKS equation
In this section we study the integrability of the CKS equation. The analysis is performed by combining the method of G-structures with the Newman-Penrose tetrad formalism. The result will be a set of conditions relating the different components of the Weyl and Maxwell tensors. Before starting our technical analysis, let us recall the different notions of rigid supersymmetry on four-dimensional curved manifolds that have been studied recently. These differ in the choice of the supercurrent multiplet being employed to couple the theory to background supergravity. If the flat-space field theory is superconformal, then it is naturally coupled to conformal supergravity. This is also seen from holography, as bulk gauged supergravity on an asymptotically locally AdS space induces conformal supergravity on the boundary [22] (with the conformal supergravity action being mapped into the field theory trace anomaly [23, 24] , see section 5 for more details). The condition ensuring that the field theory preserves at least one supercharge arises from requiring that the gravitino variation vanishes on the background, and in this case is found to be the CKS equation (1.3) [8, 15] . In Euclidean signature, the supersymmetry parameters ζ + and ζ − that in Lorentzian signature would be charge conjugate to each other transform under different SU (2) subgroups of Spin(4) and are thus independent. For this reason, one should regard the equation
which in Lorentzian signature would merely be the charge conjugate of (1.3), as independent.
Here, ζ − is a spinor of negative chirality with R-charge opposite to ζ + :
Moreover, in Euclidean signature the gauge field A is allowed to take complex values (while we will keep the metric real). If the field theory is supersymmetric but not necessarily superconformal, it may be coupled to old minimal supergravity through its Ferrara-Zumino supercurrent or, if it has an R-symmetry, to new minimal supergravity via its R-multiplet. Although the requirements for a supersymmetric background are slightly different in these cases, the CKS equation turns out to always be a necessary condition. Therefore, even if in this paper we are mainly interested in superconformal theories, our results will also apply to these more general setups. Let us see the necessity of the CKS equation, working in Lorentzian signature for simplicity (the Euclidean case being analogous, with a doubling of the equations). When the field theory is coupled to background new minimal supergravity, the supersymmetry condition is
where the supergravity auxiliary fields a and v are a gauge connection and a well-defined one-form, respectively, with the latter satisfying d * v = 0 . Redefining a = A + [8, 9] , while they are equivalent modulo a conformal transformation in Lorentzian signature [15] . The condition stemming from coupling the field theory to old minimal supergravity reads
where the auxiliary fields b and M are a globally well-defined one-form and a complex scalar, respectively. It follows that M ζ − = − 3) is a more restrictive condition, in part because one is not allowed to gauge-transform b [11] .
Having highlighted the universality of the CKS equation as a necessary requirement for supersymmetric backgrounds, we now pass to study its integrability condition in detail. This is derived in appendix B, and reads
where
is the Weyl tensor of the background metric, with R mnpq , R mn and R denoting the Riemann tensor, Ricci tensor and Ricci scalar, respectively. The geometric information contained in this condition can be extracted by contracting it with a basis of chiral spinors. In the following, we study the Lorentzian and Euclidean cases in turn. In Euclidean signature, we will also need to consider the integrability condition of the CKS equation (2.1) for ζ − . This takes the same form as (2.4), with the substitutions ζ + → ζ − and F → −F .
Lorentzian signature
In Lorentzian signature, the chiral spinor ζ + defines an R 2 structure. This is characterized by the bilinears [15] 
see appendix A for our spinor conventions. By construction, the one-form z is real and null, z m z m = 0, while ω is a complex two-form satisfying z ∧ ω = 0, which implies ω = z ∧ w for some complex one-form w. The one-forms z and w can be seen as elements of a frame, which may be completed by introducing an additional real one-form e − (that however does not follow from the spinor ζ + ). Hence we can write z = e 0 + e 1 , e − = −e 0 + e 1 , w = e 2 − ie 3 .
These satisfy the null tetrad relations
and the metric reads ds 2 = z e − + ww . (2.8)
Note that we are assuming that ζ + is nowhere vanishing, otherwise our analysis will only be valid outside its zero locus. The two-form ω is anti-self-dual, i * ω = −ω. 2 A convenient way to parameterize the two-forms is to introduce the following anti-self-dual basis (generating the (0,1) representation of SO(1, 3)):
A basis of self-dual two-forms is obtained by simply complex-conjugating the anti-self-dual basis. The forms (2.9) satisfy the relations
which imply
As for the products of a self-dual with an anti-self-dual form, for the purpose of our computation it will be sufficient to note that their anti-symmetric parts all vanish (j p [m j n]p = 0, etc.) and that the same is true for the contraction of both indices (j mn j mn = 0, etc.).
In Lorentzian signature, a basis of positive-chirality spinors is given by ζ + and e
Hence a basis of positive-chirality Dirac conjugates is given by (ζ + ) c and ζ + e − m γ m . Contracting the integrability condition (2.4) with either one of these barred spinors, we obtain 1 4 In order to efficiently work out the contractions in (2.12), we exploit the well-known fact that the Weyl tensor can be seen as a linear operator acting on the space of two-forms. The analysis of the algebraic properties of this operator leads to the Petrov classification, see e.g. Chapters 3, 4 of [25] for an extensive discussion. Defining the dual of the Weyl tensor as
we can introduce its self-dual and anti-self-dual parts by
Note that both C − and C + = C − are complex and contain the same degrees of freedom as C,
i.e. ten real components. By contraction of the last pair of indices, C + acts on the self-dual two-forms, while C − acts on the anti-self-dual ones. Adopting the Newman-Penrose tetrad formalism [26] , we can use the basis ω, θ, j defined above to write the anti-self-dual part of the Weyl tensor as 15) where the Weyl scalars parameterizing the tensor components are
This parameterization has the appealing feature of automatically incorporating all the algebraic symmetries of the Weyl tensor:
= C pqmn and, slightly less obviously, C m nmp = 0 and C m[npq] = 0 . The five Weyl scalars are complex and independent, and exactly parameterize the ten real components of the Weyl tensor. We also record that
The forms j, ω, θ can also be used to parameterize the gauge field F = F + + F − : 18) with the Φ's being arbitrary complex functions, and F + being given by F + = F − . Note that
Using this parameterization of the Weyl tensor and the gauge field, and recalling the relations (2.10), it is straightforward to show that equations (2.12) arising from the integrability condition of the CKS equation are equivalent to 20) with no constraints being imposed on Ψ 4 . Thus, the field-strength F mn has been determined completely in terms of the Weyl tensor. 3 An immediate consequence of these relations, which is seen recalling (2.17) and (2.19), is
Separating the real and imaginary parts, we obtain Vanishing of some of the Weyl scalars corresponds to different types in the Petrov algebraic classification of the Weyl tensor (see e.g. [25] ). The generic supersymmetric background with just Ψ 0 = 0 is algebraically general (Petrov type I). The property Ψ 0 = 0 means that our vector z built from ζ + is a principal null direction of the Weyl tensor, i.e.
If any Weyl scalar beyond Ψ 0 vanishes, then the Weyl tensor is said algebraically special; depending on which Weyl scalars are zero, it and can be of Petrov type II, III, D, N or O. In particular, when the gauge field vanishes we have Ψ 0 = Ψ 1 = Ψ 2 = Ψ 3 = 0 with Ψ 4 generically non-vanishing, which corresponds to a Petrov N spacetime. 4 If in addition Ψ 4 = 0, the full Weyl tensor vanishes and the spacetime is conformally flat (Petrov type O). Other algebraically special cases are also possible, for instance if F − is proportional to ω then we have Ψ 0 = Ψ 1 = Ψ 2 = 0, corresponding to a Petrov III spacetime. This implies that the two sides of both equations (2.22) vanish separately, that is
Note that our analysis is purely local, and the Petrov type can change at different spacetime points. We will comment more on the implications of these results in section 3.
Euclidean signature
A completely parallel analysis can be done in Euclidean signature, albeit for the self-dual and anti-self-dual parts of the Weyl and Maxwell tensors separately. This is due to the fact that contrarily to their Lorentzian analogues, Euclidean forms of opposite chiralities, defining the (1,0) and (0,1) representations of SO (4), are not related by complex conjugation.
We will assume that the chiral spinor ζ + does not vanish anywhere, being understood that if it does our local analysis will still be valid outside its zero locus. In Euclidean signature, ζ + defines a U (2) structure, and we can construct the bilinears (see e.g. [8] ):
The two-form j − is real while ω − is complex and decomposable (namely, it can be written as the wedge of two complex one-forms). In our conventions they turn out to be anti-self-dual,
Starting from ζ − , we can construct similar bilinears j + , ω + , that are instead self-dual. The forms are related to the metric via g mn = j
n , where I ± is the almost complex structure defined by ω ± . Moreover, they are non-degenerate and related to the volume form as 25) with all other wedgings between them vanishing. Calling θ ± = ω ± , one can show that for each chirality exactly the same properties (2.10) found in Lorentzian signature are satisfied (this explains why we are giving the same names to the Lorentzian and Euclidean twoforms). We also note that both the commutator and the contraction of a self-dual with an anti-self-dual form vanish (j
A basis of positive chirality spinors is given by ζ + together with its charge conjugate ζ c + . Contracting the integrability condition (2.4) with the hermitian conjugate of either one of these spinors, we find formally the same equations (2.12) obtained in Lorentzian signature.
If on the other hand we start from the negative chirality spinor ζ − and its charge conjugate, we obtain similar equations, with a few sign changes. In detail, we have 26) where the lower sign is associated with the ζ + equation (1.3), while the upper sign is associated with the ζ − equation (2.1).
(F mn ± F mn ). These equations can be analysed with the same approach used in Lorentzian signature. Namely, we can introduce the Euclidean self-dual and anti-self-dual parts of the Weyl tensor
Note that, in contrast to the Lorentzian case, where they are conjugate to each other, in Euclidean signature C ± are real, a priori independent tensors. Using the anti-self-dual basis together with the reality of the Weyl tensor, imply the following constraints between Weyl scalars of same chirality:
We see that the Ψ + (respectively, Ψ − ) Weyl scalars parameterize the five degrees of freedom in the anti-self-dual (respectively, self-dual) parts of the Weyl tensor. Altogether, they parameterize the ten independent real components of the Weyl tensor. 5 The square of the chiral parts of the Weyl tensor read
We can use j ± , ω ± , θ ± to also parameterize the gauge field F = F + + F − :
Since in Euclidean signature we are allowing for a complex gauge field, the components Φ
θ are a priori arbitrary complex functions. Note that
Applying this formalism to eq. (2.26), it is easy to see that the integrability condition of the CKS equation for ζ + leads to 32) with no constraints on the Ψ + Weyl scalars nor on the Φ + components of F . Taking into account the reality conditions (2.28), we arrive at
Note that the second line imposes some "reality" constraints on the anti-self-dual part of the gauge field. In particular, recalling (2.31) we have that although F is complex, (F − ) 2 is real. Also recalling (2.29), we find that 34) which is the same as
This is a weaker condition than the one found in Lorentzian signature, where the two sides of the equation were vanishing separately. Similarly, integrability of the CKS equation for ζ − , together with (2.28), yields a set of conditions like (2.33), with the replacements Ψ − → Ψ + , Φ − → −Φ + , and no constraints on the Ψ − and Φ − components. This implies 36) which is the same as
A classification similar to the one of Petrov exists in Euclidean signature for the self-dual and anti-self-dual parts of the Weyl tensor independently, with the only allowed types being I, D and O for each chirality, see e.g. [28] . Here, referring for definiteness to a solution to the CKS equation for ζ + , we observe that the conditions (2.33) 
, then it can only be proportional to j − , and enforces 
Taming the superconformal anomalies
Below we will discuss the implications of the results in the previous section on the superconformal anomaly. For the sake of clarity we will keep the discussion of the Lorentzian and Euclidean signatures separated.
Lorentzian signature
Our results establish the absence of c-terms in the trace and R-symmetry anomalies for N = 1 superconformal field theories coupled to a curved supersymmetric background. Let us write the anomaly formulae (1.1), (1.2) by separating the terms multiplied by the central charges a and c :
The quadratic Weyl, Euler and Pontryagin 6 densities are defined as
2) 6 The density P is related to the first Pontryagin class of the manifold M as p 1 (M ) = where the last equalities in the first and in the third lines follow straightforwardly from the definition (2.5) of the Weyl tensor. We have also introduced the short-hand notation
mnpq F mn F pq . The conditions (2.22) show that for supersymmetric field theories in supersymmetric backgrounds the terms multiplied by c vanish in the trace and R-current anomalies, hence both anomalies are purely topological invariants. 7 Specifically, the anomaly formulae reduce to
In [15] it was shown that a necessary and sufficient condition for the existence of a solution to the CKS equation is that there exists a null conformal Killing vector, with a natural coordinate system adapted to this. It is straightforward to compute the Weyl scalars Ψ 0 , . . . , Ψ 4 in the explicit coordinates given in [15] , and obtain F using the relations (2.20). In particular, computing the Euler and Pontryagin densities explicitly, we have checked that generically they do not vanish. However, in certain classes of geometries the Pontryagin density does vanish, implying that the U (1) R current is not anomalous on these backgrounds. The following are sufficient criteria for the vanishing of P :
• Using (2.17) we have [29] . Due to the split topology of the space and the homogeneity of the metric, in this specific example one also has E = 0, so the full superconformal anomaly vanishes.
• If there exists a (conformal) Killing vector k that is also hypersurface-orthogonal, namely the dual one-form satisfies k ∧ dk = 0, then P = 0. This may be verified noting that since P is a conformal invariant density, in the conformal class of metrics we can consider one where k is a Killing vector. If the Killing vector k = ∂ t is timelike or space-like, then the metric is a Riemannian product ds
where M 3 is a three-dimensional manifold. 8 By direct computation of the curvature one can verify that P = 0. If k is null, then this corresponds to the case of non-twisting geometries discussed in [15] , and again a direct computation shows that P = 0. An example possessing such Killing vectors is given by the boundary of the five-dimensional magnetic string solutions of [30, 31] . These comprise a metric on
of Petrov type D (which has all Weyl scalars but Ψ 2 equal zero), and a non-trivial gauge field. Moreover, on this background E = 0, so the superconformal anomaly fully vanishes. Another Petrov D example with similar properties will be discussed later in section 4.
Euclidean signature
In Euclidean signature, the integrability equation (2.4) for ζ + does not contain informations about the self-dual parts of the Weyl and Maxwell tensors. Although these are completely determined by the CKS equation [9, 8] , the weaker condition (2.35) is sufficient to show that the c-contribution to the conformal anomaly, on the left hand side of (2.35), is a topological density, on the right hand side of (2.35). Therefore, as in the Lorentzian case, the trace anomaly is purely topological, although generically the c-contribution to the anomalies does not vanish. Namely, the anomalies read
Although there is no new information on the R-current anomaly, we have emphasized that generically both anomalies include an imaginary part. On a compact Riemannian manifold M without boundary, it is interesting to consider the integrated version of eqs. (3.5), and express these in terms of the Euler characteristic χ and signature σ of M , given by
Introducing the real and imaginary parts of the gauge field as
Note that the existence of a time-like hypersurface-orthogonal Killing vector is also a sufficient condition for Wick-rotating the background to Euclidean signature. 9 The factor of 1 2 is introduced for convenience, as it will become clear momentarily.
we also define
In order to evaluate the integrals in (3.9), we pause to recall some of the global properties of the backgrounds, discussed in [9, 8] . Here, it is important to assume that the spinor ζ + is well-defined and non-vanishing everywhere on M . Firstly, notice that our gauge field A is related to the gauge field in [9] as A here = A DFS − However, assuming that V DFS is a globally defined one-form on M , this does not affect the discussion of the global properties of A. In particular, using eq. (3.17) in [9] we have (in our notation):
where j − m n is the integrable complex structure on M , obtained raising an index on the two-form defined in (2.23), and
Here s is a complex function that may be defined as ζ + = √ s ζ 0 + , where ζ 0 + is a constant chiral spinor. The important point to note is that A m − A c m is a global one-form on M , therefore G is an exact two-form, and it drops out of (3.9). The real part of A m , however, transforms as a gauge field for the local U (1) R symmetry, being a connection on the line bundle L =K −1/2 , whereK = Λ (0,2) (M ) is the anti-canonical bundle of (0, 2)-forms on M .
Correspondingly, the spinor ζ + is a section of the spin c bundle V =K −1/2 ⊗ S + , where S + , is the bundle of positive-chirality spinors. Although neither bundle may exist separately due to the second Stiefel-Whitney class w 2 (M ) ∈ H 2 (M ; Z 2 ) being non-trivial, the tensor product V always exists as a genuine complex vector bundle.
Recall that on any Hermitian manifold, the metric g mn and complex structure (j − ) m n induce a connection on the anti-canonical bundleK, given by we have the following chain of identities:
This is of course consistent with the fact that 2·ReA is a connection on the anti-canonical bundle, and justifies the factor of 1/2 in the definition (3.8). In particular, the quantization condition
where Σ a is a basis of generators of H 2 (M ; Z), is automatically satisfied. Note that on Kähler manifolds the identities in (3.13) hold more strongly as identities of two-forms, rather than in co-homology. Using these, we see that the integral defining ν is the self-intersection of the first Chern class
which on a complex manifold is given by
Therefore the integrated anomalies are determined completely by the signature and Euler characteristic of M and read
In general, all the topological invariants are non-zero, implying that the corresponding densities are non-trivial. Simple examples are provided by Kähler manifolds, as we will discuss momentarily. Sufficient criteria for the vanishing of the Pontryagin density P are analogous to the ones discussed in Lorentzian signature. Moreover, we note that if there exists a non-trivial 10 Codazzi tensor B mn , i.e. a symmetric tensor satisfying the equation 
Manifolds admitting two CKS of opposite R-charge
When there exist two supercharges of opposite R-charge, namely a solution ζ + to the CKS equation (1.3) together with a solution ζ − to eq. (2.1), the implications on the anomalies are stronger, and analogous to the Lorentzian signature case. In the following, we assume that ζ + and ζ − are nowhere vanishing. This case was analysed in [9, 8] , where it was shown that there exist two (generically) commuting Killing vectors, constraining the form of the metric to a T 2 fibered over a Riemann surface Σ. Namely, in complex coordinates adapted to the complex structure j − , this takes the form
Here we note that two solutions to the CKS equations of opposite chiralities impose the constraints we discussed above, for both self-dual and anti-self-dual parts of the Maxwell and Weyl tensors. In particular, we have
These imply that the anomalies take the same form as in the Lorentzian case, namely (3.3), and are automatically real. Integrating on a compact manifold without boundary, gives the simple relations 20) as well as the topological relation σ(M ) = 1 9 ν(M ). By evaluating the Ricci form of the metric (3.18),
it is straightforward to see that this is basic with respect to the (complex) Killing vector ∂ w , namely ∂ w R = 0. It immediately follows that ν(M ) vanishes. So, recalling (3.16), on backgrounds preserving two supercharges of opposite R-charges we have
hence both the integrated anomalies vanish.
Examples
We conclude this section discussing briefly simple examples of complex manifolds, which may be used as supersymmetric backgrounds. Note that although the manifolds below all admit Kähler metrics (in some cases there exist also Einstein metrics), one is not restricted to these. The considerations we make below are purely topological.
• A class of examples is provided by M = dP k the kth del Pezzo surface, with k = 0, . . . 
where K is the anti-canonical class, we obtain ν(dP k ) = 9 − k and, by eq. (3.16), σ(dP k ) = 1 − k. Inserting these expressions in the formulae for the anomalies we see that for generic values of the central charges a and c, and for all values of k, these are different from zero. Note that the only del Pezzo surface having vanishing signature, and so the only one arising as the boundary of a five-dimensional manifold, is dP 1 . Explicit Hermitian metrics on dP 1 were presented in [33] and [34] .
• Another class of simple examples is given by the product of two Riemann surfaces Σ 1 × Σ 2 . The signature is zero since any oriented Riemann surface bounds an oriented 3-manifold N 3 (called handlebody), and so
The Euler characteristic is given by the product of the Euler characteristics of the two surfaces, hence χ(
where g 1 , g 2 are their genera. By formula (3.16), we have ν(
, which is an example admitting two supercharges of opposite R-charges. As we discussed above, these necessarily have σ(M ) = χ(M ) = 0.
A background with vanishing anomalies
In section 3 we mentioned a few non conformally-flat backgrounds where the full trace and R-symmetry anomalies vanish, which also have a known gravity dual [29, 30, 31] . In this section, we present in some detail another example of this type, whose gravity dual will be the object of a separate publication. This example has both a Lorentzian and an Euclidean avatar (as [30, 31] but differently from [29] , which appears to be just Lorentzian), and will also serve as an illustration of the general results in the previous sections. We focus on its Euclidean version, commenting on the Lorentzian case at the end. We consider an S 3 × S 1 topology, and impose that SU (2) left × U (1) right × U (1) t symmetry is preserved. Then the metric reads
and the general form of the gauge potential is
Here, the σ's are SU (2) left-invariant one-forms on S 3 parameterized by Euler angles ϑ, φ, ψ:
r is the radius of S 3 , s is a squashing parameter, and we are fixing the modulus of the g tt metric component to one (which can always be done by rescaling k and t). In Euclidean signature, we allow p and q to be complex parameters, while the parameters in the metric are assumed real. We will work in the frame
We observe that the terms proportional to k in the metric (4.1) can be removed by performing the change of coordinates
accompanied by the redefinition of the parameters and the gauge field is still in the original form
Here, σ 1 , σ 2 , σ 3 are SU (2) left-invariant one-forms constructed using ψ at the place of ψ.
For any value of the radius r and squashing s, the metric (4.1) allows for solutions to the CKS equation and thus yields a good supersymmetric background, provided an appropriate gauge field is chosen. Indeed, the metric describes a torus fibration over S 2 (with an S 1 in the torus being the Hopf fiber and the other being generated by ∂ t ), hence recalling the results in [9] the background allows for at least two solutions to the CKS equation with opposite Rcharge. The gauge field can be determined using the general formulae given in [8, 9] . Here, we apply our alternative method exploiting the integrability condition. This completely determines the field-strength F , and thus the potential A modulo a closed one-form. Before presenting the details, let us observe that both the Euler and Pontryagin densities E and P associated with the metric (4.1) vanish. This can be checked by evaluating (3.2). Another way to see it is first to observe that since (4.1) is a left-invariant metric on a homogeneous space, both E and P must be constant, and then to recall that the respective integrals have to vanish, as noted in section 3.2 while discussing backgrounds with two CKS of opposite R-charge. Together with the relation between Weyl and Maxwell tensors imposed by supersymmetry, this shows that the whole Weyl and R-symmetry anomalies vanish.
Four supercharges
Let us first review the case in which the gauge field-strength vanishes, which was already studied in [35, 9] . From the analysis in section 2.2, we know that when there are two conformal Killing spinors of opposite chirality and F = 0, then the Weyl tensor has to vanish, meaning that the space is conformally flat. For the metric (4.1), this translates into Here, the squashing is restricted to 0 < s ≤ The solution for ζ + is
where µ = 2s−i √ 1 − 4s 2 , and ζ 0 + is any constant spinor of positive chirality. Hence we have two independent solutions to the CKS equation (1.3) . 12 This was expected from the fact that the integrability condition has not imposed any algebraic restrictions on the spinors. On the same background, the ζ − equation (2.1) is solved by negative-chirality spinors having the same form as (4.12), with µ replaced byμ. So any such conformally-flat background allows two independent solutions to the CKS equation for each choice of chirality, thus preserving a total of four supercharges.
, the metric becomes the standard, round one on the direct product S 3 ×S 1 :
Actually, for any allowed value of s the metric (4.10) is related to (4.13) by the transformation (4.5), (4.6). Indeed, specializing to k = r 2
, q = 0, the transformation reads
, we obtain the round S 3 metric on the direct product S 3 ×S 1 . This was expected from the classification of solutions to the new minimal equation given in [9] , where it was found that the only compact background admitting two supercharges with same chirality and including an S 3 topology is (a discrete quotient of) the direct product S 3 × S 1 , with the round metric on S 3 .
Finally, we consider a reduction of this background to three dimensions. Starting from the metric (4.10) and reducing along ∂ t , we obtain the squashed S 3 background of [35] .
From the arguments above it is also clear that the same three-dimensional background can 12 The new minimal equation (2.2) is also satisfied, with background fields a = v = − 2is r dt . 13 For s = 1 2 , there is also a solution having an opposite gauge potential, A = − i 2r dt , and any constant ζ + or ζ − being allowed; these are SU (2) left invariant spinors on the round Sequally well be obtained starting from the round metric (4.13) and reducing along a U (1) generated by a combination of ∂ ψ and ∂ t [35] . On the other hand, reducing (4.13) along the trivial direction ∂ t leads to a round S 3 in three dimensions. Hence we see that different three-dimensional backgrounds can be obtained starting from the same four-dimensional configuration and reducing along different directions.
Two supercharges
Let us now assume that F is not zero. In order to evaluate the constraints (2.33) following from the integrability condition of the CKS equation for ζ + , and the analogous ones from the ζ − equation, as a first thing we construct a basis of two-forms j ± , ω ± , θ ± from generic chiral spinors ζ + , ζ − as described in section 2.2. Then, studying the constraints involving exclusively the gauge field components Φ, we find that the imaginary part of F has to vanish, and also obtain some algebraic constraints on the two-forms, which can be rephrased as constraints on the spinors. Taking these into account, the only non-vanishing Weyl scalars are Ψ
. The conditions relating the Weyl and Maxwell tensors then fix the real part of F . In formulae, we find that the integrability condition of the CKS equations for ζ + and ζ − is solved by (1 − 4s 2 ). Note that the projections being imposed on the chiral spinors imply that the background admits a single solution ζ + and a single solution ζ − to the respective CKS equations, meaning that exactly two supercharges are preserved. To complete the solution, we look directly at the CKS equation, and find that any constant chiral spinor satisfying the projections above is a solution, provided one takes
This supersymmetric background was already mentioned (for k = 0) in [8] , where it was identified with the lift of the three-dimensional SU (2) × U (1) invariant background of [36] . Of course, the change of coordinates (4.5) and redefinition of parameters (4.6) can be used to set k = 0. However, the three-dimensional background obtained by reducing along ∂ t with generic parameters s and k is different from that of [36] . 
Lorentzian signature
Finally, let us briefly comment on the background in Lorentzian signature. In this case, the topology is S 3 × R . The Wick rotation of the metric (4.1) is performed by setting
Using the results of [15] , it is immediate to see that supersymmetry is preserved because there is a globally-defined null Killing vector given by a combination of the timelike vector ∂ t and the space-like vector ∂ ψ . Then one can follow the same steps as in the Euclidean case, implementing the analytic continuation
everywhere in the equations above. Note that in this way the gauge potential A becomes real, as it has to be in Lorentzian signature. 15 Also, in Lorentzian signature ζ − is the charge conjugate of ζ + . When F = 0, the spacetime is conformally flat and the CKS equation has two independent solutions (four real supercharges). When F = 0, the only non-vanishing Weyl scalar is Ψ 2 , hence our spacetime is of Petrov type D and we have one solution to the CKS equation (two real supercharges). As in the Euclidean setup, the topological densities E and P vanish, so there are no trace and R-symmetry anomalies.
Holographic superconformal anomalies
Our discussion so far was valid for general supersymmetric field theories, whereas in this section we will discuss the special situation when a SCFT has an asymptotically locally AdS gravity dual. 16 Although the formulae we report below are review of known results, we emphasise that the agreement of the holographic computations with the combined equations (1.1) and (1.2) was not noted before.
It is well-known that the trace anomaly of a CFT (not necessarily supersymmetric) is related to a logarithmic 17 divergence of the on-shell bulk gravity action, and can be obtained using the method of holographic renormalisation [24] . On the other hand, the chiral anomaly of an axial current arises from a Chern-Simons term [37] in the bulk action. For superconformal field theories, the trace and R-symmetry holographic anomalies are obtained from five-dimensional minimal gauged supergravity. The latter arises as a consistent truncation of e.g. type IIB supergravity on any five-dimensional Sasaki-Einstein manifold [38] . Its bosonic action reads
where µ, ν are five-dimensional indices,R denotes the Ricci scalar of a five-dimensional metric ĝ µν ,Â is the graviphoton gauge field, with field-strengthF = dÂ, and is the radius of the AdS solution. We have decorated all five-dimensional quantities with a hat, to distinguish them from the corresponding four-dimensional objects, that arise as their boundary values. The reason for choosing this unconventional normalisation of the gauge field is that its boundary value can be identified with the background gauge field A m that we considered in the previous sections. 18 When evaluated in an asymptotically locally AdS solution the action (5.1) contains the following logarithmically divergent term
where R mn denotes the four-dimensional Ricci tensor of the boundary metric g mn , R its Ricci scalar, and F mn the field-strength of the boundary value of the field graviphoton, denoted A m . Notice that the Chern-Simons term in (5.1) is not divergent [39] . This result was first obtained in [39] , 19 followed by [40, 41, 42] .
We can then use the identity
to rewrite the divergent action (5.3) as
This is proportional to the bosonic action of conformal supergravity [21] , up to the topological term [23, 22] . Moreover, the integrand of the logarithmically divergent part of the action is proportional to the trace anomaly [24] . More precisely, in the radial variable used in [24] the proportionality factor is −2, hence we have
Comparing this with (1.1) yields the well-known large N result [24] 
18 To compare with a more standard normalisation in the literature, one should setÂ = √ 3 A s (where "s" stands for "standard"). Using this, the action of minimal gauged supergravity reads
19 The normalisation of the gauge field in [39] corresponds to √
For supersymmetric backgrounds, the relations (2.22) imply that the divergent part of the on-shell action is purely topological, namely
Note that this explains the observation made in [39] , that in the magnetic string solution of [30, 31] Let us now discuss the holographic R-symmetry anomaly. A calculation of the holographic chiral anomaly induced by a bulk Chern-Simons term for an Abelian gauge field has appeared in [43] , and it is straightforward to extract the R-symmetry anomaly from the results of this reference. The authors of [43] consider a five-dimensional Einstein-Maxwell model, whose action, in the normalisations of (5.2), contains a Chern-Simons term
This leads to the following expression for holographic chiral anomaly [37] :
To obtain the R-symmetry anomaly we need to use the value κ = − Finally, using (5.7) we obtain
which agrees exactly with (1.2) upon setting a = c.
Discussion
In this paper, we have elaborated on properties of four-dimensional field theories in curved backgrounds preserving rigid supersymmetry. In particular, we have described a method for determining the field-strength of the background gauge field, using the integrability of the (charged) conformal Killing spinor equation. Noting that backgrounds solving the old or new minimal rigid supersymmetry equation must satisfy the CKS equation, our results are valid for all the supersymmetric backgrounds considered so far in the literature, both in Lorentzian and Euclidean signature. Using our characterisation of the gauge field, we have shown that on any supersymmetric background there exist precise relations between various curvature invariants. In Lorentzian signature, these relations imply that the terms multiplying the central charge c in the superconformal anomalies vanish. In Euclidean signature, the existence of a chiral solution to the CKS equation is a slightly weaker condition, and it implies that the c-term in the trace anomaly becomes topological, rather than zero. However, if there exist two solutions with opposite R-charges, then the c-anomalies vanish, as in Lorentzian signature; moreover, all the integrated anomalies vanish, including the terms involving the central charge a. A converse version of this result might be true, so that perhaps if in a compact complex manifold the signature and Euler characteristic vanish, then a second CKS with opposite chirality exists. It would be interesting to see whether such statement holds. One of the motivations for our work was to study further the relationship of rigid supersymmetry with local supersymmetry, through holography [8, 15] . For example, we have shown that, when evaluated on supersymmetric asymptotically locally AdS solutions, the logarithmically divergent part of the on-shell action of five-dimensional minimal gauged supergravity is a topological density. In particular, this explains why the on-shell action does not contain the logarithmic divergence in all the (few) supersymmetric solutions in the literature (which also turn out to have E = 0). We have also shown that the coefficient of the holographic R-symmetry anomaly agrees nicely with that of the field theory, filling a small gap in the literature. Armed with the results of [8, 15] , together with those presented in this paper, we would like to address the problem of constructing non-trivial examples of five-dimensional supergravity solutions, dual to superconformal field theories on curved backgrounds. 20 There exist well-known topological obstructions for the existence of a fivedimensional "filling" of four-dimensional manifolds. Specifically, an oriented four-manifold bounds an oriented five-manifold if and only if its signature vanishes. As we noted, supersymmetric backgrounds with two supercharges of opposite R-charge automatically satisfy this requirement, and therefore are natural candidates for admitting (smooth) gravity duals. Such five-dimensional gravity-duals will be studied in a separate paper [48] . It will be interesting to explore the possibility that the simplification of the anomalies could be used to device new methods for computing the central charges a and c [49] . Furthermore, it is natural to extend our approach to other dimensions, in particular this could lead to analogous simplifications of the superconformal anomalies in six-dimensional SCFTs. One could also consider currents of non-R-symmetries coupled to additional background gauge fields, and study how supersymmetry of the background affects their chiral anomalies as well as the new terms arising in the trace and R-current anomalies.
B Derivation of the integrability condition
In this appendix, we derive the integrability condition (2.4) of the CKS equation (1.3) .
Taking the commutator of two covariant derivatives on ζ + and using (1.3) we obtain
where we set
Contracting with γ n we get
Contracting this with γ m we determine 
R g mn is the Schouten tensor. This can be used to eliminate η − from the original equation (B.1). We observe that the Riemann tensor combines with its contractions in the Schouten tensor to give the Weyl tensor, defined in (2.5). After some gamma-matrix algebra, we arrive at (2.4). Note that contracting (2.4) with γ n the equation trivializes, as one may expect observing that the same is true for the CKS equation. It would be interesting to clarify whether eq. (B.5) for η − implies additional constraints on the background, which are known to be encoded in the CKS equation [8, 9, 15] . For instance, one can consider the integrability condition of (B.5), which yields (in Lorentzian signature for definiteness)
(B.6) Contracting with γ n and using the twice-contracted Bianchi identity of the Riemann tensor (written in the form ∇ [n S m] n = 0) we obtain
Contracting again with γ m , we eventually arrive at (dF ) mnp γ mnp ζ + = 0 , (B.8)
which is automatic if the Bianchi identity for F is satisfied.
C Review of anomaly formulae
In this appendix, we briefly review how the superconformal anomaly formulae are obtained from a superspace computation [3] and give some arguments in support of the corrected expressions (1.1), (1.2). In the limit a = c, the validity of these expressions is also confirmed by large N holography as discussed in section 5. An introduction to the relevant superspace formalism can be found in [50, 51, 52] . In superspace, the stress-energy tensor T mn and the R-current J m are components of the Ferrara-Zumino supercurrent J αα , which is a real vector superfield satisfying the conservation equation
The chiral superfield T is called the supertrace, and its θθ component contains both the trace of the stress-energy tensor and the divergence of the R-current:
where we use the conventions of [50] . More complete expressions for these superfields can be found e.g. in [53, sect. 2.1]. The supertrace vanishes for a superconformal field theory on flat space, but acquires anomalous contributions when the theory is put on a non-trivial background. 21 One has (see [54] for the general form and [55, 56] for an explicit evaluation) 
The authors of [3] evaluate this expression in their appendix A, obtaining their equations (4.3) and (4.7). In the following we motivate why that result should be amended, by putting together some expressions appeared elsewhere in the literature. 21 If the classical theory is not conformally invariant then in addition to the quantum contribution (C.3) the supertrace also includes a classical term. 22 In the conventions of [57] (LPSW), G ab = 2D [a G b] , with G a | = Note that the expression on the right hand side is exactly the one that is set to zero by the integrability of the Lorentzian CKS equation (indeed R mnpq R mnpq = C mnpq C mnpq (C.6) Separating the real and imaginary parts, we obtain precisely the c-terms in our eqs. (1.1), (1.2) . Note the symmetry between the relative coefficients in the real and imaginary parts. These coefficients also agree with the independent superspace computation done in [58] . Comparing with eqs. (4.3) and (4.7) of [3] , if we assume that our field-strength F is the same as their V , then we find a sign mismatch between the F 2 and V 2 terms as well as a mismatch by a factor of 1/3 between the F F and V V terms. Finally, we compare the expression for the R-current anomaly with the one given in [59] (IW), which was not obtained from superspace. Specializing eq. (2.8) in [59] to the R-current, we have
The anomaly coefficients k R and k RRR can be eliminated in favour of the SCFT central charges a and c using the relations a = (9k RRR − 5k R ) found in [3] . In this way one obtains 
